Introduction. The Mahler measure of a nonzero complex d-variable Laurent polynomial f , introduced by Mahler in
and [Mah62] , is defined by where r 1 , . . . , r n are the roots of f . A short proof can be found in either [EW99] or [Sch95] . 
M(f ) = exp(
} is a natural object for investigation. As Boyd observed in [Boy81], Lehmer's question is equivalent to the question of whether 1 is a limit point of L. The kth derived set
The group ring R d has a natural involution¯: The following well-known theorem will be used repeatedly. A proof can be found in [Kaw96] .
Theorem 1.1. (Torres conditions)
Here l denotes the link In view of what has been said, it is reasonable to expect that topology-knot theory in particular-can shed some light on Lehmer's question. Let p, q be relatively prime integers. Removing V from Σ and reattaching it so that
said to be obtained from Σ by p/q surgery on k. It is well known that Σ is a homology 3-sphere if and only if p = ±1.
be an oriented link in a homology 3-sphere, and let q be a nonzero integer. Then l(q) is the oriented link
If l is a link in S 3 and l d is unknotted, then one can describe l(q) simply: Let D be a 2-disk that bounds l d . We can assume that the sublink 
The convergence is in the strong sense that the polynomials ∆ l(q) have eventually constant degree, and the coefficients of 1 q ∆ l(q) converge to those of the polynomial on the right. 
3. Proof of Theorem 2.2. By a result proved for a special case by Boyd [Boy81 ] and in general by Lawton [Law83] , the Mahler measure of any polynomial f ∈ R d can be expressed as the limit of Mahler measures of polynomials in a single variable. For
We also need the following consequence of Lemma 3.1. 
Proof. By Lemma 3.1, given > 0, there exists
, and also such that
= f r + , so it suffices to show that r + ≥ K. Suppose (n, r + ) = 0, where 0 = n = (n 1 , . . . , n d ). Then
In case (i) we must have n d = 0. Since we assume that κ k = 0 for some k, it follows that
and so again we have |n| ≥ K.
Proof of Theorem 2.2. Our proof closely follows a proof of the second Torres condition found in [Kaw96] . Let E denote the exterior of l(q) in the homology 3-sphere Σ = Σ (l; l d , 1/q). Let
be the abelianization homomorphism mapping the class of the ith meridian m i to u i , 1 ≤ i < d, and mapping the class of m d to u
. We will denote the corresponding covering space by p :
The exterior E of the original link l is a subspace of E . Let ν be the natural composite epimorphism
The total space of the corresponding cover E ν → E can be identified with the preimage p
Consider the portion of the homology exact sequence of the pair (E γ , E ν ):
Here all homology groups may be regarded as R d−1 -modules. By the excision isomorphism
. Hence we have a short exact sequence
The 0th characteristic polynomials satisfy
As in [Kaw96, Proposition 7.3.10], we find that ∆ 0 (H 1 E γ ) is the Alexander polynomial of l(q), while
(Here we use the notation of Corollary 3.2 with 
If H 2 (E γ ) = 0, then (3.3) follows immediately from (3.1) and (3.2). If H 2 (E γ ) = 0, then as in [Kaw96, 7.3 .5] we have ∆ 0 (H 1 E γ ) = 0; in this case both sides of (3.2) vanish, and (3.3) is trivial. Equation (3.3) can also be obtained by applying Theorem 6.7 of [Fox60] .
Proof of Theorem 2.Following [Kid82] we add an unknotted oriented component
We denote the augmented link by l + . By the second Torres condition,
. . , u d ). Differentiating each side of the equation and recalling that ∆
where l + (q) is the d-component link obtained from l + by performing 1/q-surgery on the component l d . Again by differentiating, and applying the second Torres condition, we have
Comparing (4.1) and (4.2) we see that in order to prove the first assertion of Theorem 2.4 it suffices to show that
By collecting terms, we can write the Alexander polynomial ∆ l + of l + in the form
. By the second Torres condition: − 1) ∆l(u 1 , . . . , u d−1 , u d+1 ) .
Differentiating, we have
On the other hand,
again using the second Torres condition. Comparing (4.4) and (4.5) we are done.
Examples illustrating Theorem 2.2 can be found in section 5. We conclude this section with two examples that illustrate Theorem 2.4 and its corollary.
The following lemma of Boyd [Boy81] is often useful when computing Mahler measures of Alexander polynomials. A proof can also be found in [Sch95, p.157] . 
2 ). Differentiating, we find
which can be rewritten as (
2 )]. Using Lemma 4.1 and a change of variable we see that
By Corollary 2.5 the Mahler measure of ∆ l(q) is asymptotic to 2q. 
Here the number in the (i + 1)th column from the left and the (j + 1)th row from the bottom is the coefficient of u
Boyd [Boy78] has computed the Mahler measure as approximately 1.25543. It is the smallest known value the derived set of L
(1) (see [Boy78] .)
The link l is redrawn in Figure 3b so that the second component l 2 appears as a standard unknotted circle. The knots l(q) ⊂ S 3 are now easy to visualize: they are obtained from l 1 by giving q full right-hand twists to the strands passing through l 2 . By the proof of Theorem 2.2, ∆ l(q) has the same Mahler measure as ∆ l (u, u q ). When q = 11, we obtain Lehmer's value M (L(u)). When q = 10 we get the value 1.18836 . . ., the second smallest known value of L that is greater than 1. 
has the same small Mahler measure. By a theorem of Levine [Lev67] ∆ is the Alexander polynomial of a (nonunique) 2-component link l in the 3-sphere. 
3 ). By Lemma 4.4 the Mahler measure of ∆ l is equal to that of 1 − u 1 − u 2 + u 2 u 3 . We replace −u 1 , −u 2 , u 2 u 3 by u 1 , u 2 , u 3 , respectively, a change of variables that does not affect Mahler measure. We then find that the Mahler measure of ∆ l is equal to that of 1 + u 1 + u 2 + u 3 . By a result of Smyth (reported in [Boy81] ) this value is precisely
Until recently, this was the only nontrivial Mahler measure of a 3-variable polynomial that was evaluated in closed form (see [Smy00] ). Its numerical value is approximately 1.53154. As we remarked in section 2, Theorem 2.2 bears a resemblance of form to a theorem of Thurston about volumes of hyperbolic manifolds. In their census of the simplest hyperbolic knots [CDW98] , P. Callahan, J. Dean and J. Weeks record the fact that the pretzel knot l(−2, 3, 7) has a complement composed of only 3 ideal tetrahedra, thereby qualifying it for the honor of second simplest hyperbolic knot, after the figure eight knot 4 1 and alongside the knot 5 2 .
Question 5.9. Is there a significant relationship between the Mahler measure of the Alexander polynomial of a hyperbolic link and the hyperbolic volume of its exterior?
